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Abstract—A method to analyze the duration of collision resolution for blocked RMA stack
algorithms is proposed. Simple formulas are obtained that express the average length of a collision resolution interval for the modiﬁed (frugal) algorithm in a noisy and in a noiseless channel,
as well as for the basic algorithm in a noisy channel, through the corresponding parameters for
the basic algorithm in a noiseless channel. From estimates of the throughput of the basic algorithm in a noiseless channel, estimates for the throughput in the other three cases are directly
constructed.
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1. INTRODUCTION
In [1, 2] there was ﬁrst considered an algorithm using which inﬁnitely many users sharing a
communication channel can transmit data with a ﬁnite average delay provided that the arrival rate
is bounded. Using the terminology of [3], the supremum of arrival rates for which the average delay
is ﬁnite will be referred to as the throughput of an algorithm.
In what follows, we call the algorithm considered in [1, 2] the basic algorithm (in [4], the term
basic stack algorithm with blocked access was used). In [1, 2] it was also noted that from the basic
algorithm one can also obtain an algorithm with a higher throughput, which will be referred to
as the modiﬁed (or frugal) algorithm (in [4] it was called the frugal stack algorithm with blocked
access). The analysis made in [1,2] has shown that for the throughputs Rb and Rf of, respectively,
the basic and modiﬁed (frugal) algorithms, we have
0.3464 < Rb < 0.3471,
0.3752 < Rf < 0.3759.

(1)

After the publication of [1, 2], investigation of algorithms was developed in two directions: reﬁnement of estimates for throughputs and extending results to the case of noisy channels where
false collisions are possible.
In [4], results on ﬁnding estimates for the throughput in a noiseless channel were summed up
and the following reﬁned estimates were given:
0.34657320 < Rb < 0.34657397,

(2)

0.3753690 < Rf < 0.3753698.

(3)

In [5] there was introduced a model of a noisy channel where false collisions may occur, and
methods for computing estimates for the throughput in a noisy channel were described. In [6] it
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was shown that the throughput of the basic algorithm in a noisy channel is approximately
1 − 2q
· 0.346,
1−q
where q < 0.5 is the probability of a false collision.
The aim of the present paper is to show how one can estimate the throughput of the frugal
algorithm based on the results of analysis of the basic algorithm in a noiseless channel and to
extend the results for the case of a noisy channel. It should be noted that the possibility of this
approach was ﬁrst demonstrated by the authors as early as in 1991 [7].
The paper is organized as follows. In Section 2 we brieﬂy describe the system model and the basic
algorithm according to [1]. The algorithm is represented as a tree describing the collision resolution
process (we use the abbreviation CRT for the tree). We describe constructions of estimates for the
throughput of the basic algorithm from [1, 2, 4, 8, 9]. Then we formulate a statement for the CRT,
which is used in what follows. In Section 3 we describe the frugal algorithm from [1] and show how
one can ﬁnd estimates for the throughput of this algorithm using the CRT for the basic algorithm.
In Section 4 we brieﬂy describe the model of a noisy multiple-access channel from [5]. In the
framework of this model, we compute estimates for the throughput of the basic algorithm in a noisy
channel. Finally, we give estimates for the throughput of the frugal algorithm in a noisy channel.
2. SYSTEM MODEL AND THE BASIC ALGORITHM
We consider the model of a random multiple access system from [1]. In the system there are
inﬁnitely many users and a communication channel; the channel input and output are available to
all users. Users exchange packets through the communication channel. All packets are assumed to
have the same length. The packet transmission time is taken to be the time unit. Intervals between
arrivals of new packets in the system are statistically independent random variables exponentially
1
distributed with mean . The parameter λ is called the packet arrival rate in the system. It equals
λ
the average number of packets that arrive at the system per time unit.
We formulate a number of assumptions [1] concerning the communication channel and the way
of users’ access to it.
Assumption 1. Time is slotted. All slots have the same length equal to the transmission time
of one packet. Slots are enumerated by nonnegative integers; the slot with number t corresponds
to the time interval [t, t + 1). Below we for brevity refer to the slot with number t as slot t. Slot
separation time instants are known to all users. A user may start transmission at the beginning of
a slot only.
Assumption 2. In each slot there can occur one of the following three events:
– one user transmits a packet in the slot (event S: success);
– no user transmits in the slot (event E: empty);
– two or more users transmit in the slot (event C: collision).
Assumption 3. Users observing the channel output know at the end of a slot about the event
in the slot.
Assumption 4. A user observing the channel output determines for sure which of the three
possible events has occurred in the channel.
Assumption 5. Each user has a buﬀer to store one packet. A user stores the packet from its
arrival until the successful transmission. A packet arrived within time interval [t − 1, t) can be
transmitted not earlier than in a slot t ≥ t.
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Algorithms considered here belong to the class of algorithms for which the system operation
is described by a sequence of sessions [1]. To each session there corresponds a subset of users
that transmitted their packets in the ﬁrst slot of the session (slot t0 ). The number k of packets
transmitted simultaneously is called the collision multiplicity in a slot. If in slot t0 the events E
(i.e., k = 0) or S (i.e., k = 1) are observed, the ﬁrst slot of a session is also its last slot. Otherwise,
the session ends not earlier than all packets that collided at slot t0 are transmitted. The rule of
determining the last slot of a session is based on the analysis of the observed sequence of events
in slots; therefore, conclusions of users about the last slot of a session coincide and are made
simultaneously. Sessions follow each other without gaps; i.e., the ﬁrst slot of a next session adjoins
the last slot of the previous one. We consider only so-called blocked algorithms [1], for which all
packets that arrive during a current session can be transmitted in the next session only; i.e., in slots
of each session there are transmitted only packets that collided in the ﬁrst slot of the session.
We say that a conﬂict of multiplicity k is resolved during a session if k packets were transmitted
in the ﬁrst slot of this session. A conﬂict resolution algorithm (CRA) is speciﬁed, ﬁrst, by a rule
according to which all users determine the last slot of a session and, second, by a rule according to
which each participant of a session ﬁnds slots to retransmit his packet in the session.
To describe a CRA, it is convenient to introduce an undirected graph G, which is an inﬁnite
binary tree whose nodes correspond to slots in the communication channel and the root corresponds
to the ﬁrst slot of a session t0 , where a collision of multiplicity k occurred. Two nodes of G are said
to be adjacent if they have a common parent. For deﬁniteness, we will call one of these nodes the
higher child and the other, the lower child (this makes sense if we draw the tree from left to right,
from parents to children). Nodes of G that are higher or lower children, will be called for short the
higher and lower nodes, respectively. In the process of conﬂict resolution, at the channel output
the users observe a sequence of events from the set {E, S, C} and mark the corresponding nodes
of the tree G with symbols E, S, and C. As a result of conﬂict resolution, all nodes in the tree G
that correspond to slots of the session are marked, and a binary subtree of G that corresponds to
the session with the root node Proot is selected. We call this subtree the conﬂict resolution tree
(CRT). Thus, to describe an algorithm, we have, ﬁrst, to deﬁne the correspondence between slots
of a session and nodes of the CRT and, second, to specify in which slots each participant of the
session must transmit his packets. For the basic algorithm, the corresponding rules are given below.
1. The correspondence between slots of a session and nodes of a CRT is deﬁned by induction.
To the ﬁrst slot of the session, t0 , there corresponds the root of the tree G.
If to a current slot of a session there corresponds a vertex Pcur in G marked with symbol C,
then to the next slot of the session there corresponds the higher child of Pcur in G. If to a current
slot of a session there corresponds a node Pcur in G marked with either E or S, then to the next
slot of the session there corresponds a node Pnext in G with the following properties:
– Pnext is not yet marked;
– A node adjacent to Pnext is already marked;
– Among all nodes with these two properties, we choose the one with the smallest number of edges
in the path from it to Pcur .
If there is no node Pnext satisfying the required properties, the construction of the CRT terminates.
2. The rule to choose slots in which participants of the session should transmit packets is also
deﬁned by induction.
In the ﬁrst slot of a session, all participants of the session transmit packets.
If a user (participant of the session) transmitted a packet in a slot corresponding to a node Pcur
which was marked with S at the end of the slot, this packet is no more transmitted.
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If a user (participant of the session) transmitted a packet in a slot corresponding to a node Pcur
which was marked with G at the end of the slot, then he equiprobably marks one of the two
children of Pcur in G with a temporary label SfT (selected for transmission). After that, the user
will transmit the packet only in the slot t corresponding to the node marked with SfT ; at the end
of the slot t, the temporary label SfT is deleted.
In the CRT constructed according to the above-described rules, all terminal nodes of the tree
have labels E or S; the other nodes are marked with C.
The number of time units required to construct the tree is called the collision resolution time.
For the basic algorithm, the number of nodes in the CRT is equal to the collision resolution time.
Denote by τ the random variable equal to the collision resolution time. The conditional expectation
Tk = E[τ | a collision of multiplicity k is resolved]
will be called the average resolution time for a collision of multiplicity k. Below, when considering
expectation, for simplicity of notation we omit the condition indicating the collision multiplicity k.
k

one can establish the following bounds on
It was shown in [1] that with the use of the ratio
Tk
the algorithm throughput:
k
k
< Rb < lim sup .
(4)
lim inf
k→∞ Tk
k→∞ Tk
In [1, 2], methods to estimate the upper and lower bounds in (4) are proposed and numerical
values of the upper and lower bounds for the throughput of the basic algorithm (1) are given.
In [8] there was considered a generalization of the basic algorithm to the case where “branching”
in the tree is into not two but m branches; in particular, the behavior of Tk for large values of k
T

was analyzed. Formula (28) from [8] describes the asymptotic form of the ratio k for any m ≥ 2.
k
A particular case of m = 2 and k  1 is presented in [9] in the form
1
2
Tk
=
+ A sin(2π log2 k + ϕ) + O
,
k
ln 2
k

(5)

where A = 3.127 · 10−6 and ϕ = 0.9826.
From (5) and (4) it immediately follows that


−1

2
+A
ln 2



< Rb <

−1

2
−A
ln 2

.

(6)

Substitution of the values of A into (6) yields numerical values for the reﬁned estimates (1) of
the throughput of the basic algorithm, which coincide with the values obtained in [4] using another
method.
To apply the results of the described analysis of the basic algorithm directly to the analysis of
the frugal algorithm, we use the following statement, whose validity immediately follows from the
construction of the CRT.
Proposition 1. Introduce the following notation: n is the total number of nodes in the CRT ;
ne , ns , and nc are the numbers of nodes labeled with E, S, and C, respectively. For any k > 1, for
the number of nodes in the tree for resolution of a collision of multiplicity k we have
ns = k,
n−1
,
nc =
2
n+1
− k.
ne =
2
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3. FINDING THE THROUGHPUT OF THE FRUGAL ALGORITHM
Consider the operation of the basic algorithm in the following situation. Assume that slot t
corresponds to a higher node and that users observing the channel output ﬁnd by the end of this
slot that there was no transmission in the slot. Then at the end of slot t this higher node is labeled
by E. In this case, according to the basic algorithm, slot t + 1 corresponds to a lower node, and
in this slot all packets that were previously transmitted in slot t − 1 are transmitted again. Thus,
in slot t + 1 there again occurs a collision. In [1, 2], a modiﬁed (frugal) algorithm was proposed,
which prohibits the occurrence of such repeated collisions.
Similarly to the basic algorithm, operation of the frugal algorithm can be described by a tree.
As compared with the basic algorithm, only the rules of establishing correspondence between slots
of a session and nodes of CRT are changed. If to a current slot t there corresponds a node Pcur
marked with E and this is a higher node, then a modiﬁed rule is used to establish a correspondence
between slots of the session and nodes of the CRT; in all other cases, rules of the basic algorithm
described in Section 2 are used. To describe the modiﬁed rule, denote by Ptmp the node adjacent
to Pcur . This will be a lower node. According to the modiﬁed rule, in slot t the node Ptmp is labeled
together with Pcur , and the node Ptmp gets the label C. Thus, two nodes in the CRT are put into
correspondence with the slot t.
It follows from this description that the collision resolution time for the frugal algorithm can be
less than the number of nodes in the CRT.
Proposition 2. For any k > 1, the average collision resolution time Tkf for the frugal algorithm
and the average collision resolution time Tk for the basic algorithm are related by
Tkf =

3
k 1
Tk + − .
4
2 4

(10)

Proof. Consider a CRT for a collision of multiplicity k > 1. For all higher and lower nodes,
let us introduce the additional labels H and L, respectively. Denote by neh the number of nodes
labeled with E and H, i.e., the number of higher nodes that were chosen for retransmission by
no user. Similarly, denote by ne the number of nodes labeled with E and L. Using this notation
together with the notation introduced in Proposition 1, we obtain an expression relating the collision
resolution time for the frugal algorithm and the number of nodes in the CRT:
τ f = ne + ns + (nc − neh ) = ne + k + nc .

(11)

For the expectations of the random variables neh , ne , and ne , we have
E[neh ] = E[ne ] =

E[ne ]
.
2

Using this equality together with (8) and (9), pass to expectations in (11):




Tkf = E τ f =

E

n + 1
2

2

−k

+k+E

n−1
.
2

(12)

Now (10) is obtained from (12) by simple transformations. 
It follows from (5) and (10) that the asymptotics in k for the frugal algorithm are
1
Tkf
3
1 3
=
+ + A sin(2π log2 k + ϕ) + O
,
k
2 ln 2 2 4
k

(13)

where A and ϕ are the same as in (5).
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Using (4) and (10), we obtain the following bounds for the throughput of the frugal algorithm:


−1

1 3
3
+ + A
2 ln 2 2 4



< Rf <

−1

1 3
3
+ − A
2 ln 2 2 4

.

(14)

Substituting the numerical value of A into (14), we obtain
0.375369048 < Rf < 0.375369709.
Note that these bounds improve the estimates of [4] in the seventh digit after the decimal point.
4. FINDING THE THROUGHPUT OF THE BASIC ALGORITHM
IN A CHANNEL WITH FALSE COLLISIONS
In [5] there was proposed a model of a noisy channel based on the same assumptions as the
model described in Section 2; only Assumption 3 is changed.
Assumption 3 for a noisy channel model. An event S is observed by a user in a current
slot as an event C with probability q1 and as an event S with probability 1 − q1 . Similarly, an
event E is observed by a user in a current slot as an event C with probability q0 and as an event E
with probability 1 − q0 . All users make false decisions simultaneously; i.e., all users have the same
sequence of observed events.
It was noted in [5] that the basic algorithm properly works in a channel with false collisions
for q0 < 0.5 and q1 < 1. The average resolution time for collisions of multiplicity 0 and 1 can be
computed by the formulas
1
,
T0n =
1 − 2q0
1 − 2q0 + q1
.
T1n =
(1 − q1 )(1 − 2q0 )
Proposition 3. For the basic algorithm, for any k > 1, the average collision resolution time Tkn
in a noisy channel and the average collision resolution time Tk in a noiseless channel are related by
Tkn = Tk

Tn − 1
T0n + 1
+ k(T1n − T0n ) + 0
.
2
2

(15)

Proof. Consider the collision resolution tree for a collision of multiplicity k in a noisy channel.
Because of false collisions, labels in the tree do not necessarily correspond to events in the channel.
Moving along the tree starting from the root, let us additionally label nodes according to the
following rule.
If a node P corresponds to a slot t where a false event C was observed, the node P gets an
additional label E or S depending on the real event in slot t, and all descendants of P do not get
additional labels.
It immediately follows from this rule of assigning additional labels that nodes that get additional
labels correspond to terminal nodes in some CRT for a collision of multiplicity k in a noiseless
channel, and the average number of nodes in such a tree is Tk . The root of this tree and all its
internal nodes must have label C; denote the number of these nodes by mc . Denote by Me and Ms
the sets of nodes with additional labels E and S, respectively, and let me and ms be the number
of nodes with these additional labels; i.e., |Me | = me and |Ms | = ms . For this tree, Proposition 1
is valid.
Let us return to a CRT in a noisy channel. Denote by L(P ) the number of nodes in a subtree
with root P . Using this and previously introduced notation, the total number of nodes in a CRT
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for a noisy channel and, accordingly, the collision resolution time τ n in a noisy channel can be
computed as follows:
L(P ) +
L(P ).
(16)
τ n = mc +
P ∈Me

P ∈Ms

Passing to expectations and taking into account that E[L(P )] = T1n if P is additionally labeled
by S and E[L(P )] = T0n if P is additionally labeled by E, we obtain
Tkn = E[mc ] + kT1n + E[me ]T0n .

(17)

Applying Proposition 1 for the random variables mc and me and expressing the expectations of
these variables via Tk , we get
Tkn

Tk − 1
=
+ kT1n +
2





Tk + 1
− k T0n .
2

(18)

Simplifying (18), we obtain (15). 
Tk
, from (15) we get
k
1

Using expression (4), which describes the asymptotic behavior of the ratio

2
Tn + 1
Tkn
=
+ A sin(2π log2 (k) + ϕ) 0
+ (T1n − T0n ) + O
.
k
ln 2
2
k

(19)

−
+
, and upper, Rbn
,
From this equality and (4), we obtain the following expressions for the lower, Rbn
bounds on the throughput of the basic algorithm Rbn in a channel with false collisions:

+
Rbn

 n
T0 + 1



A(T0n + 1) −1
,
ln 2
2
 n

A(T0n + 1) −1
T0 + 1
+ (T1n − T0n ) −
=
.
ln 2
2

−
=
Rbn

+ (T1n − T0n ) +

Taking into account that
1 − q0
T0n + 1
=
,
2
1 − 2q0

T1n − T0n =

2(q1 − q0 )
,
(1 − q1 )(1 − 2q0 )

we obtain ﬁnal expressions for the bounds on the throughput:


−1

−
=
Rbn

1 − 2q0 2
2(q1 − q0 )
+
+A
1 − q0 ln 2 (1 − q1 )(1 − q0 )

,

+
=
Rbn

1 − 2q0 2
2(q1 − q0 )
+
−A
1 − q0 ln 2 (1 − q1 )(1 − q0 )

.



−1

In a particular case of q1 = q0 = q, we get
1 − 2q
1 − 2q
· 0.34657320 < Rbn <
· 0.34657397.
1−q
1−q

(20)

The frugal algorithm in a noiseless channel has a higher throughput than the basic algorithm.
However, as was noted in [5], in a noisy channel the frugal algorithm has inﬁnite average delay for
any q0 > 0, so that its throughput is zero. We conﬁne ourselves with the case where q0 = 0 and
q1 > 0; i.e., false collisions may only occur in slots where there is no transmission. In this case
the frugal algorithm has a nonzero throughput. Using the above-described approaches, we obtain
bounds on the throughput of the frugal algorithm.
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It is easy to show that for the frugal algorithm in the case q0 = 0 and q1 > 0, the average
resolution time for a collision of multiplicity 1 is as follows:
T1f n =

1 + 2q1
.
(1 − q1 )

Consider the resolution of a collision of some multiplicity k > 1. Repeat the arguments of
Section 2, taking into account the fact that from each terminal node labeled with S in a collision
resolution tree for a noiseless channel there “grows a subtree.” The average number of nodes in
such a subtree is T1 . Using the notation introduced in the proof of Proposition 2, we obtain




Tkf n = E τ f n = E[ne ] + E[ns ]T1f n + [nc − neh ] = E[ne ] + kT1f n + E[nc ]
Tk + 1
−k
Tk − 1
3
k(1 + 5q1 ) 1
2
+ kT1f n +
= Tk +
− .
=

2

2

4

2(1 − q1 )

4

Hence we get bounds for the frugal algorithm in a noisy channel:
Rf−n



=


Rf+n

=

−1

(1 + 5q1 ) 3
3
+
+ A
2 ln 2 2(1 − q1 ) 4

,

(1 + 5q1 ) 3
3
+
− A
2 ln 2 2(1 − q1 ) 4

.

−1

Let us ﬁnd for which values of the probability q1 the frugal algorithm has a higher throughput
than the basic algorithm, and vice versa.
For q0 = 0 and q1 > 0, the bounds for the basic algorithm take the form

+
Rbn





−1
2q1
2
+
+A
,
ln 2 1 − q1

−1
2q1
2
+
=
−A
.
ln 2 1 − q1

−
=
Rbn

+
< Rf−n , the throughput of the frugal algorithm is higher. For
For the values of q1 such that Rbn
−
> Rf+n , the throughput of the basic algorithm is higher.
the values of q1 such that Rbn
+
−
−Rf−n = 0 and Rbn
−Rf+n = 0, respectively.
Denote by q f and q b the solutions of the equations Rbn
Solving the equations, we obtain



7 
2 
,
qf =

7
1 + 1 − A ln 2
2

7 
1 − 1 − A ln 2
2 
.
qb =

7
1 + 1 + A ln 2
2

1 − 1 + A ln 2

If q1 < q f , the frugal algorithm has a higher throughput; if q1 > q b , the throughput of the basic
algorithm is higher. If q f ≤ q1 ≤ q b , the relation between the throughputs of the basic and frugal
1 − ln 2

is a
algorithms is indeﬁnite. Taking into account that A = 3.127 · 10−6 , we may say that
1 + ln 2
threshold for q1 below which the throughput of the frugal algorithm is higher.
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5. CONCLUSION
The described approach to the analysis of the collision resolution time in a multiple-access
channel allows us, using known properties of the trees, to obtain formulas for computing the average
collision times for both the frugal and basic algorithms in a noisy channel via the corresponding
values for the basic algorithm in a noiseless channel. These formulas establish a correspondence
between the throughput Rb of the basic algorithm and the throughput Rf of the frugal algorithm
in a noiseless channel:


1 −1
3
+
.
Rf ≈
4Rb 2
We can also obtain a relation between the throughput Rbn of the basic algorithm in a noisy
channel and that in a noiseless channel:
Rbn

1 − 2q0
≈
1 − q0



2(q1 − q0 )
1
+
Rb (1 − q1 )(1 − q0 )

−1

,

where q0 and q1 are probabilities of false collision for an empty slot and a slot where one user
transmits.
Note that the analysis can be generalized to the case of a channel where the duration of a slot
is determined by an event observed in the slot.
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