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Abstract. This paper thoroughly studies a modification of tree algo-
rithm with successive interference cancellation. In particular, we focus
on the algorithm throughput and account for a single signal memory lo-
cation, as well as cancellation errors of three types. The resulting scheme
is robust to imperfect interference cancellation and is tailored to the up-
link bandwidth request collision resolution in an IEEE 802.16 cellular
network. The mean packet delay is shown to be considerably reduced
when using the proposed approach.
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1 Introduction and Background

Contemporary communication networks adopt multi-access techniques to arbi-
trate the access of the user population to the shared communication link. Multi-
ple access algorithms are specifically designed to effectively control the resource
allocation and reside at the Medium Access Control (MAC) layer. They consti-
tute an important component of the widespread wireless protocols, such as IEEE
802.11 (Wi-Fi) and IEEE 802.16 (WiMAX). Random Multiple Access (RMA)
algorithms are often used due to their simple implementation and reasonably
high performance.

We remind that every MAC algorithm comprises a Channel Access Algo-
rithm (CAA) and a Collision Resolution Algorithm (CRA). Whereas the former
arbitrates user access to the shared medium, the latter is responsible for the
collision resolution, whenever two or more users transmit their packets simul-
taneously. The most widespread ALOHA-based family of algorithms includes
diversity slotted ALOHA, binary exponential backoff, and other popular mecha-
nisms. The main idea of these approaches is to specify CAA and defer the packet
retransmission after a collision took place for some random future time.

By contrast, tree algorithms independently proposed in [I] and [2], focus on
CRA and thus demonstrate higher efficiency. The family of conventional tree
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algorithms is represented by Standard Tree Algorithm (STA) and Modified Tree
Algorithm (MTA). During the operation of the conventional STA and MTA, it
is implicitly assumed that no meaningful information is extracted at the receiver
after a collision. However, recent advances in physical (PHY) layer techniques
allow using Successive Interference Cancellation (SIC) techniques [3], [4]. Dur-
ing SIC operation the packets involved into a collision may be restored succes-
sively. In [3], it was argued that SIC is naturally applicable to the uplink packet
transmission in centralized communication networks. As such, in this paper we
consider the prominent IEEE 802.16 [5] wireless cellular protocol.

The pioneering research work [6] proposes a combination of SIC and a tree
algorithm (SICTA) to improve the performance of the conventional tree algo-
rithms. Briefly, the acquired collision signals are stored in the signal memory
of the receiver, which is assumed to be unbounded and then processed by SIC.
Consequently, the performance of SICTA algorithm is shown to double the per-
formance of the conventional STA. In the subsequent years, several modifications
of the baseline SICTA algorithm were proposed [7], [§], [9], including the solutions
that take advantage of the bounded signal memory. In particular, [10] proposes
a SICTA-based algorithm to replace the standard algorithm at the bandwidth
requesting stage in IEEE 802.16 networks.

All the existing SICTA-based solutions may be classified into two categories.
Firstly, there are algorithms that assume perfect SIC operation and therefore
are susceptible to cancellation errors falling into a deadlock. Secondly, there are
algorithms that are robust to imperfect SIC operation, but at the same time
are unstable when the number of users grows unboundedly. In our previous
work [II], we proposed a robust SICTA algorithm that tolerates cancellation
errors and demonstrates nonzero performance even when the user population is
infinite. In this paper, we extend our algorithm to account for a more realistic
SIC operation and conduct its thorough throughput analysis. Finally, we tailor
the proposed solution for the uplink bandwidth requesting in the prominent
IEEE 802.16 protocol.

2 System Model and Algorithms

2.1 Conventional Tree Algorithms

Consider tree multi-access algorithms proposed independently by [I] and [2] in
the framework of classical RMA model with infinite user population and Poisson
arrivals. We remind that each tree algorithm defines both CAA and CRA, which
arbitrate user channel access and collision resolution process respectively. CRA
is conveniently illustrated by a binary tree (see Figure[l] a), where a collided user
selects right slot with probability p and selects left slot with probability (1 — p).
Here the root corresponds to the set of users that collided initially, whereas
the remaining nodes correspond to the subsets (possibly, empty) of users that
decided to transmit in particular slots of the Collision Resolution Interval (CRI).

We note that in the example collision resolution tree (see Figure[ll a) a col-
lision in slot 5 is inevitable, as none of the users which collided in slot 3 select
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Fig. 1. Tree algorithms operation: a — STA; b — MTA; ¢ — SICTA

empty right slot 4. As such, it is reasonable to skip the collision slot 5 and
proceed immediately to the next tree level. This simple modification is adopted
by the conventional MTA (see Figure[Il b) to increase the performance of the
conventional STA.

Maximum stable throughput is one of the most important performance pa-
rameters of tree algorithms. It may be defined as the highest arrival rate, which
still results in the bounded value of the mean packet delay. The algorithm is sta-
ble for the given arrival rate if its mean packet delay is finite. Conventional STA
has the throughput of 0.346, whereas conventional MTA improves throughput
up to 0.375 in the framework of the classical model.

2.2 Successive Interference Cancellation

Recent advances in telecommunication equipment allow using SIC at the PHY
layer [12], [4]. Generally, SIC is an approach to process a combination of wireless
signals having some additional information. Following [7], we show how SIC may
improve the performance of a tree algorithm in Figure 2l Assume for simplicity
that the channel is error-free. Denote by ys the signal received by the end of slot
s. Similarly, denote by z4 and zp the signals corresponding to packets A and B
respectively. Let two users transmit their packets A and B in the first slot and
collide. As such, the receiver acquires the combined signal y; = x4 + zp and
decides that a collision occurred. The initial combined signal y; is then stored
in the signal memory of the receiver.

After acquiring the signal yo = x4 at the end of slot 2, the receiver success-
fully extracts signal z4 and decodes packet A. Further, SIC procedure processes
signal y; and cancels the extracted signal x4 from the stored combination, that
is, 1 = y1 —xa. Then it is also possible to extract signal xp = ¢ and to decode
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Fig. 2. Simple SIC example

packet B. Therefore, the subsequent collision resolution is not necessary. In the
considered example the CRI duration is one slot less for any tree algorithm.

SIC-based algorithms typically exploit extended feedback from the PHY layer.
This extra feedback is the result of the SIC operation. The baseline SICTA
algorithm proposed in [6] requires the K—EMPTY—-COLLISION feedback at
MAC, where K is the number of successfully restored packets together with the
number of left slots of the collision resolution tree labeled as empty after the
SIC operation.

Consider example SICTA operation in Figure[I] ¢, where the CRI duration is
only 4 slots. As left subtree may be skipped completely, the throughput is 0.693,
that is, twice the STA throughput. More formal analysis is conducted below
in subsection In Figure Bl we detail the simplified SIC transceiver, which
may be used to implement the baseline SICTA algorithm from [6]. Solid lines
indicate transmission of data, whereas dashed lines indicate transmission of the
control information. As follows from the figure, the unbounded signal memory at
the receiver is practically infeasible. To mitigate this limitation, we propose our
modification of SICTA that uses only a single signal memory location. As such,
the implementation and operation complexity may be considerably reduced.

2.3 Imperfect Interference Cancellation

We note that in practical wireless devices using SIC, the interference cancellation
is not perfect [13]. Cancellation errors may occur due to the residual signals
after canceling the received signal in the stored combination. For example, after
canceling the extracted signal x4 from the combined signal x4 + x5 (see e.g.
Figure 2)) in slot s, the resulting signal contains g, = x5 + n4, where ny4 is the
residual signal z4. After subsequent cancellation of zp we analogously obtain
Js =na +ng.

If the power of the residual signal ns + np is sufficiently high, the receiver
mistakenly decides that the corresponding slot is not empty, that is, detects a
non-existent collision between the users. For simplicity, we assume that this event
occurs with some constant probability that depends on the receiver implemen-
tation. As such, due to the imperfect SIC operation, the PHY-MAC feedback is
error-prone.
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Fig. 3. SIC transceiver structure

Despite its high throughput, the baseline SICTA algorithm is vulnerable to
cancellation errors. Indeed, assume that in the considered example in Figure[T], ¢
the last cancellation operation of the signal xp in the initial stored signal implies
the residual signal np, that is, 51 =y1 — xc — xp + np. If now the power of np
is high enough, the signal x4 may be extracted unsuccessfully and the collision
resolution process would continue. Sooner or later, when packet A is decoded
successfully, the residual signal power may be too high and the receiver would
detect another non-existent collision in the left slot. According to the SICTA
rules, the collision resolution process would then continue indefinitely unless it
is aborted externally. As such, SICTA falls into a deadlock.

Our overview of SICTA-based algorithms indicates that currently there is no
algorithm that is robust to imperfect interference cancellation and, at the same
time, stable in the framework of the classical RMA model. The proposed robust
SICTA (R-SICTA) algorithm tolerates cancellation errors for the cost of some
reduction in its throughput. Additionally, it takes advantage of the single signal
memory location at the receiver side. The increase in the amount of the available
memory will result in growing throughput (still below the throughput of SICTA)
and complexity [9].

The main idea of the proposed algorithm (see Figure[d] a) is to refrain from
skipping particular collision slots (such as slot 3), which otherwise might result
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Fig. 4. Proposed R-SICTA algorithm: a — example operation of R-SICTA; b, ¢, d, e —
some subtrees of R-SICTA

in a deadlock. In Figure[d a, the time diagram for the best case corresponds to
two successful cancellation operations, whereas the time diagram for the worst
case corresponds to two unsuccessful operations. The formal description of our
R-~SICTA algorithm is given below in subsection We note that due to can-
cellation errors the rules 3, 5, and 7 (see Table[I]) must not allow skipping a slot
of the collision resolution tree. Otherwise, deadlock effect may not be controlled.

3 Proposed Throughput Calculation Technique

3.1 General Procedure

Here we describe an approach to obtain the throughput of a tree algorithm
with successive interference cancellation. As such, we develop the re-calculation
method for the mean collision resolution time from [14] and apply it to SICTA-
based algorithms. Denote by v the duration of CRI in slots (time to resolve a
collision of size k, or the number of nodes in the respective collision resolution
tree), which is a discrete random variable. The conditional mean E[v|collision of
size k is being resolved] determines the CRI duration for a collision between k
users. Our approach to the throughput calculation of tree algorithms using SIC
is based on the following auxiliary assumptions.

Proposition 1. Consider tree algorithm A using SIC. Denote by TkA the mean

time to resolve a collision of size k for this algorithm. Taking TkA into account,

the following bounds for the throughput of A denoted by R4 magl; be established:

k k
liminfTA <RA<limsupTA. (1)

—oo Lk k—oo L
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The proof of this proposition follows immediately from [I]. Consider now
STA denoting the respective mean collision resolution time by Tj. Analogously
to (), we may derive the bounds for the throughput of STA omitting the lower
index and denoting it simply by R:

k k
liminf = < R <limsup , . (2)
k—oo T k—oo k

We note that the bounds for R were established in [I5] and are equal to:
0.34657320 < R < 0.34657397. (3)

Proposition 2. Upper and lower bounds for the throughput R of STA may be

obtained as:
2 -t 2 -t
(ln2+c> <R<(ln2c> , (4)

where ¢ = 3.127 - 1076,

The interrelation between the bounds from (B]) and expression [@l) was estab-
lished in [I4].

Proposition 3. Denoting the number of nodes in the collision resolution tree
of STA by v, we readily obtain Ty, = E[v]. The number of success, collision, and
empty slots within CRI is denoted by vs, v. and ve respectively. Then vs+v.+ve =
v and at the same time:
v—1 v+1

2 T 9

The proof of the above relations may be found in [I4].

vs = ki Ve =

k. (5)

Proposition 4. Consider the collision resolution tree of algorithm A as the col-
lision resolution tree of STA, where the time to pass some tree nodes is zero due
to the SIC operation. We establish the number of thus skipped nodes r denoting
by u the number of remaining nodes. Coming to the expected values, we may
write:

E[u] = E[v] — E[r] or TA =T, - E[r]. (6)

The proof of this proposition follows from Proposition [l and equation (2]). Sub-
stituting (Bl into () and after some transformations, we derive the bounds for
the throughput R4 as functions of known bounds for the throughput of STA ().
Below we use Proposition [l to obtain E[r] for the baseline SICTA algorithm, as
well as for the proposed R-SICTA algorithm. Also we account for Proposition [
to establish bounds for their throughputs.

3.2 Baseline SICTA Algorithm

Below we calculate the throughput of the baseline SICTA algorithm from [6] as
an example. The following feedback must be available from the SIC receiver for
the proper operation of SICTA:
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1. COLLISION.

2. EMPTY.

3. K — the number of successfully restored packets together with the number of
left slots of the collision resolution tree labeled as empty after SIC operation
(K >1).

The operation of the respective PHY layer is detailed in Figure Bl

Proposition 5. The mean number of non-skipped nodes in the collision resolu-
tion tree of SICTA (T}?) is established as:

1 1 1 1 1 Tiy+1
Tf =T ,Blod = (Blod = 1) = Bl =Tu— T+, = *) ", (7

where Ty, is the mean number of nodes in the collision resolution tree of STA.

The thorough proof of this proposition may be conducted using the approach
from [I4] and describing the performance of SICTA in the framework of the
graph theory.

Consequently, accounting for ([Il) and (@), we establish the following bounds
for the throughput Rg of SICTA:

1 -1 1 -1
(1n2+c> <R5<(1n20> . (8)

Concluding our analysis, we note that upper and lower bounds for the through-
put of SICTA are sufficiently close to each other due to small value of ¢. There-
fore, SICTA throughput may be written as:

Rs ~1n2 = 0.693, (9)

which gives the previously known result from [6]. However, our approach if far
simpler and has reduced computational burden.

3.3 Proposed R-SICTA Algorithm

Consider now the proposed R-SICTA algorithm, which is robust to imperfect
interference cancellation. This algorithm stores a single collision signal and can-
cels both success and collision signals (see Figure [ a). It is also designed to
tolerate cancellation errors (see subsection [23)).

The following feedback must be available from the SIC receiver for the proper
operation of R-SICTA:

COLLISION and slot skip (contents of the left slot extracted) (C/skip).
COLLISION and no slot skip (C/-).

SUCCESS/EMPTY and no slot skip (SE/-).

SUCCESS and slot skip (contents of the left slot extracted) (S/skip).
EMPTY and slot skip (inevitable collision in the following slot) (E/skip).

Gl W=
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Ensure: During algorithm operation, account for a particular CAA.

1: Reset position L of a user in collision resolution tree.

2: Generate new arrivals to the user according to a particular arrival flow.
3: if user has pending packets then

4: if position of user L = 0 then
5: Transmit a packet.
6: Wait for end of the current slot.
7: Receive feedback from PHY.
8: if C/skip feedback is received then

9: if L =1, then
10: Delete the pending packet.
11: else if L =0, then

I - 0 with probability p,
" | 1 with probability 1 — p.
13: else if C/- feedback is received then

14: if L > 0, then
15: L=L+1.
16: else
17: I— { 0 with probability p,
' 1 with probability 1 — p.
18: else if SE/- feedback is received then
19: if L > 0, then
20: L=L-1.
21: else
22: Delete the pending packet.
23: else if S/skip feedback is received then
24: if L > 2, then
25: L=L-2.
26: else
27: Delete the pending packet.
28: else if E/skip feedback is received then
29: if L =1, then
30: I — { 0 with probability p,
' 1 with probability 1 — p.

31: Go to step
Algorithm 1. R-SICTA MAC operation

Algorithm [l describes the operation of R-SICTA MAC. Denote the received
signal by c¢s, the stored signal by ss, and the extracted signal by ms. The PHY
operation is summarized in Table [l

Below we express T,fs according to Proposition[dl As such, the following tree
nodes are subtracted from T} as they are skipped due to SIC operation:

— Figure @, b, when a collision slot is followed by an empty slot. The MTA
rules allow to skip a collision slot with probability 1.

— Figure Ml ¢, when a collision slot is followed by a collision slot. The SIC
operation allows to skip an empty slot with probability 1 — gce.
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Table 1. R-SICTA PHY operation

Rule Channel — PHY Memory contents PHY — MAC Store

1 COLLISION ss—ecs=10 C/skip cs
2 COLLISION §8 —cs =ms C/skip cs
3  COLLISION otherwise C/- cs
4 SUCCESS 8 —cs =ms S/skip 0
5 SUCCESS otherwise SE/-

6 EMPTY ss#0 E/skip 88
7 EMPTY ss=0 SE/- 0

— Figure @ d, when a collision slot is again followed by a collision slot. The
SIC operation allows to skip a success slot with probability 1 — q.s.

— Figure @ e, when a collision slot is followed by a success slot. The SIC
operation allows to skip a success slot with probability 1 — gss.

We note that qee, ges, and ¢ss are the parameters of SIC and depend on its
implementation. The following proposition may thus be formulated.

Proposition 6. The mean number of non-skipped nodes in the collision resolu-
tion tree of R-SICTA (TE%) is established as:

Ni

) (QSS - QCs)a (10)

1 qc 1 Gce k
TS = “) T — 1 -
k <2+ 4 k 2+ 4 +2( + Ges QCe)‘i’
where Ty is the mean number of nodes in the collision resolution tree of STA
and Ny is the number of collisions of size 2 in the STA collision resolution tree
of initial size k, whereas probabilities qce, qss, and q.s were discussed above.

We omit the proof of this proposition due to the space limitations.

Finalizing our analysis, it is important to evaluate the relation 1\12’“ for the
increasingly large values of k. Clearly, Ng = N; = 0 as there are no collision
nodes in the respective collision resolution trees. Also it is easy to show that
Ny = 2. Generally, accounting for the properties of collision resolution trees, for

k > 2 it follows that:
k-1
> <’? ) N;
\ @

Ny = ’:Qk_l 7y (11)
Equation (1)) may be calculated recursively for any chosen value of k.
Consider the Poisson transform [16] of the sequence Ny, N1,..., N;,..., which
is denoted by:
N sk _
N(s):ZNk.k!e 5, sE€R. (12)

k>0
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After some derivations, we may obtain the following recursive expression to
establish N (s):

2

s
N(s)=2N (5)+ e 1
(s) o) T o€ (13)
Consider also the normalized Poisson transform analogously to [I5], which is

denoted by:

M) 2N is) (14)
Using ([I3)), we may rewrite ([[4]) as:
M(s):M(;)—i—;e_s. (15)

The function M(s) is periodic for large values of its argument, which may be
used to evaluate it. We consider the normalized Poisson transform for sufficiently
large values of its argument 2"r, where n € Z and r € R. Formally substituting
2"r into ([IHl), we obtain:

2" _on,

5 .
For considerably large n, the variation of M (2"r) from 2" to 2"*! corresponds
to one period of function M (2"r). Therefore, for 1 < r < 2 and some value of n
we obtain the highest and the lowest values of the function for all the subsequent
values of its argument. Consider the equality (6] in more detail and execute
the recursion for n — 1 times:

M(2"r) = M(2"'r) + (16)

%

M(2'r) = M(r)+ Y 22’“e*2ir = M(r) + Hu(r). (17)
i=1

The series H,(r) converge fast and easy to evaluate with any required precision.
The values of M (r) for low r are easy to obtain accounting for (I2]) and (4.
Further, using (), we study the behavior of the initial function M (2"r) over
one period, when n > 20. It may be shown that the precision of the obtained
values is then at least 10~8. We give these values in the integer points k, that
is, M(2"r) = M(k):

max M (k) = limsup M (k) < 0.72135464 + 1 -10~® (18)
220§k§221 k—00
and
min M (k) = liminf M (k) > 0.72134039 — 1 - 10~%,
220 < k<221 k—oo

Following the approach from [I7] (Theorem 1), it may be shown that the lower
and the upper bounds for M (k) ([I8) also hold for the relation 1\12’“ We note

that as the limit of ]\li’c does not exist, we inevitably have an interval, where the
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behavior of A]i’c is not determined. The length of this interval, however, is only
0.00001425.

Simplifying the representation of the final result, we note that lim sup A,'j =
k—o0

lim inf A,i’“ =~ with the precision of at least three decimal digits and v = 0.721.

k—o0

Also for the sake of simplicity, we avoid finding the upper and the lower bounds
for the throughput of R-SICTA (RRrs) as they are sufficiently close to each other.
Then the resulting approximation for the throughput of the proposed algorithm
may be obtained as:

- 2In2
- 2 + Gce + 21H2(1 + des — Qee + (qSS - QCS)"Y) .

In particular, when g.e = ¢ss = ¢cs = 0, that is, when there are no cancellation
errors, Rrs ~ 0.515.

Rrs (19)

4 IEEE 802.16 Performance Improvement and
Conclusions

The combination of successive interference cancellation at PHY and tree algo-
rithms at MAC constitutes a promising direction toward the improvement of the
contemporary communication protocols. In particular, it allows for the consider-
able throughput increase for the moderate cost of implementation and operation
complexity. Currently, the family of SIC-based algorithms is known, where the
baseline SICTA demonstrates the highest throughput of 0.693 under the classical
set of assumptions. However, SICTA requires unbounded signal memory at the
receiver side, which is practically infeasible. Moreover, its performance degrades
significantly due to the imperfect interference cancellation.

We proposed a practical SICTA-based algorithm that mitigates the limitations
of the baseline SICTA and has the throughput of 0.515 in case of no cancellation
errors. Moreover, our R-SICTA is robust even in case of high cancellation error
probability and demonstrates graceful performance degradation. In the worst
case, when SIC operation is not possible, R-SICTA converges to MTA with the
throughput of 0.375. In order to conclude upon the feasibility of the proposed
algorithm, we consider its usage for the uplink bandwidth requesting in the
prominent IEEE 802.16 protocol.

Below we evaluate the gain after the replacement of the standardized Binary
Exponential Backoff (BEB) algorithm [5] with the proposed R-SICTA. We use
our own IEEE 802.16 simulator extensively verified over the recent years and
referenced by our previous works, e.g. [I§]. The simulation parameters are sum-
marized in Table 2 In Figure Bl we plot the reservation delay as the function
of the overall arrival rate. Here M stands for the total number of users and NV
is the number of bandwidth request slots per frame. As expected, the baseline
SICTA algorithm with unbounded signal memory demonstrates the lowest delay.
However, the proposed R-SICTA algorithm with single signal memory performs
closely to SICTA in case of no cancellation errors.
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Table 2. Basic simulation parameters

IEEE 802.16 network parameter Value

DL:UL 60:40
PHY type OFDM
Frame duration 5 ms
Sub-channel bandwidth 7 MHz
Contention slot length 170 ps
Data packet size 4096 bits

>
o

()]
o
T

~
o
T

w
o
T

N
o
T

Reservation delay, ms

Overall arrival rate, Mbps

Fig.5. IEEE 802.16 reservation delay for M = 6 and N = 1: 1 — BEB, W = Wy,
m =0; 2—-STA; 3—- MTA; 4 — R-SICTA, gce = ¢ss = ges = 0; 5 — SICTA

In the worst case of imperfect interference cancellation, when g.. = ¢ss =
ges = 1, the R-SICTA reservation delay approaches that of MTA. As such, the
gap between curves 3 and 4 in Figure [l demonstrates the range of possible gains
from the proposed solution depending on the cancellation error probability. Fi-
nally, STA has higher reservation delay than MTA, whereas the standardized
BEB algorithm is clearly the worst case even with the optimal operation param-
eters W and m [1§].

Figure [0l plots the overall packet delay in IEEE 802.16. The results gener-
ally follow the respective trends as in Figure Bl but show different delay val-
ues. In particular, for the case without cancellation errors, the proposed R-
SICTA has the gain of 50-60% comparatively to the standardized BEB algortihm
and depending on the arrival rate. In the worst case of imperfect interference
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Fig. 6. IEEE 802.16 overall delay for M = 6 and N = 1: 1 — BEB, W = Wy, m = 0;
2 —STA; 3 - MTA; 4 — R-SICTA, gce = gss = ges = 0; 5 — SICTA

cancellation, when q.. = ¢ss = ¢es = 1, the gain reduces to 25-56%, but still
remains considerable.

Summarizing, we have thoroughly analyzed the proposed practical R-SICTA
algorithm with successive interference cancellation. We established its through-
put, as well as tailored it to the uplink bandwidth requesting in the contemporary
IEEE 802.16 protocol. Our results indicate significant delay gains after the re-
placement of the standardized BEB algorithm with the proposed R-SICTA. As
such, the proposed solution is attractive to improve the performance of modern
cellular networks.
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