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Abstract— The performance of a packet-switched network
with the Poisson input source of rate λ and the infinite user
population is studied. The users transmit their data packets
over the communications channel with the success-empty-collision
feedback information. We restrict our exploration to the class of
the random multiple access algorithms for which a newly arrived
packet is transmitted by a user as soon as possible. A function of
λ is established such as the mean packet delay for any algorithm
that belongs to the considered class is not below the value given
by this function.

I. I NTRODUCTION
In many modern data networks the Random Multiple Access
(RMA) is used to arbitrate access of the large user population
to a shared broadcast channel. IEEE 802.16-based systems
allow of RMA when transmitting the bandwidth requests prior
to the scheduled data transmission. In GSM networks RMA is
used similarly in the GPRS mode. In the networks which are
built over IEEE 802.3 and IEEE 802.11 telecommunication
standards RMA directly arbitrates the transmission of the data
packets.
For the moderate values of arrival rate (of data packets into
the system) RMA allows of reaching an unrivaled efficiency
in comparison to the other known channel access techniques.
One of the most essential performance characteristics is the
expected value for the time period from the instant a data
packet (request) arrived into the system to the instant it
is successfully transmitted. This value represents the mean
packet delay in the RMA system.
The implementers in the field of telecommunications face
the challenging task of making the mean delay value as small
as possible. In particular, IEEE 802.16 standard leaves some
parameters out of its scope. By changing these parameters one
can influence the value of the mean request delay. Clearly,
the lower bound on the mean delay is of both theoretical and
practical importance. Thus, the actual mean delay value cannot
be lower than this fundamental threshold. Initially, the mean
delay value for the set of all the RMA algorithms was found
by Tsybakov and Likhanov in [1]. Later these authors together
with Hajek analyzed the mean delay for the communications
channel with a large propagation delay [2].
This paper considers a certain class of the RMA algorithms.
For any algorithm that belongs to this class a newly arrived

packet is transmitted by a user as soon as possible. The term
free access is used in this paper to indicate the considered
class. The first known upper bound on the capacity of the
free access class of the RMA algorithms was given by Kelly
in 1985 [3] and since then it has not been improved. In this
paper we follow Kelly’s approach to the capacity estimation
to obtain the lower bound on the mean delay.
Note that the vast majority of the modern telecommunication systems that use RMA implement (as the means of
collision resolution) the binary exponential backoff algorithm
[4], [5], [6] which belongs to the considered free access class.
The tree algorithms with free access [7], [8] also belong to
this class.
The rest of the paper is structured as follows. Section II
briefly summarizes the RMA model from [9], [10], [11],
[12] and introduces the fundamental definitions. Section III
describes the Hypothetic RMA algorithm. Section IV studies
the operation of the Hypothetic algorithm and establishes its
mean delay. Section V shows that for any algorithm that
belongs to the free access class the mean delay is not less than
that for the Hypothetic algorithm. Conclusion summarizes the
paper.
II. S YSTEM M ODEL
This paper considers the RMA model from [9], [10], [11],
[12]. The user population in the system is infinite and each
user has access to both input and output of the communications
channel. Users generate data packets and exchange them
via the channel. It is assumed that the packets have equal
lengths. The transmission time of one packet is taken as a
unit of the system time. Packet inter-arrival times are assumed
to be statistically independent random variables which are
distributed exponentially with the mean value of λ1 . Thus, λ
is the arrival rate of the new packets into the system. It equals
the mean number of packets that arrive into the system during
a unit of time.
Below we formulate additional assumptions [9], [10], [11],
[12] about the communications channel and the way users
access it:
Assumption 1. The system time is slotted into equal slots.
The duration of each slot is a unit of the system time which
is exactly the transmission time of one data packet. Each
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slot is assigned an integer nonnegative number and number
t slot corresponds to the time interval of [t, t + 1). Hereinafter
we refer to number t slot simply as slot t for the sake of
brevity. Slot borders are known to all the users and each user is
restricted to start its packet transmission only in the beginning
of the current slot.
Assumption 2. In each slot any and only one of the
following events may occur:
• only one user transmits (S event - success);
• none of the users transmit (E event - empty);
• two or more users transmit (C event - collision).
Assumption 3. When monitoring the channel activity a user
is notified of the channel event by the end of the current slot.
Assumption 4. When monitoring the channel activity a
user differentiates between the three possible channel events
infallibly.
Assumption 5. Each user is supplied with a buffer sufficient
to store only one packet. The packet is stored from the instant
of time it arrived into the system to the instant of time it is
successfully transmitted. When a packet arrives during interval
[t, t + 1) it is transmitted not earlier than in slot t0 ≥ t + 1.
Following the approach of [13] we introduce the definitions
of the RMA algorithm, its delay and rate together with the
capacity of the RMA system. Define the RMA algorithm as
a rule which a user follows to decide whether to transmit its
pending data packet in each time slot. Consider a packet arrival
during interval [t, t + 1), that is, in slot t and its successful
transmission in slot tT r . Then the delay of this packet is a
random variable given by
D = tT r − t.
Consider the operation of algorithm f . Enumerate (with
integer and nonnegative numbers) all the packets that arrive
into the system from the very start of its operation. Denote
the delay of packet number n by Dn . The mean delay for
algorithm f is thus
df = lim sup E[Dn ].
n→∞

The rate of algorithm f is the upper bound on the arrival
rate which still provides finite mean delay
Rf = sup{λ : df < ∞}.
λ

Consider set F of algorithms. The capacity of the RMA
system for this set is given by
CF = sup Rf .
f ∈F

Let us now specify a subset of all the RMA algorithms and
denote it by Ff ree . A packet that arrives in randomly chosen
slot t is transmitted in slot t + 1 independently of all the other
events in the system for any algorithm that belongs to Ff ree .
Specified subset Ff ree will be referred to as the free access
class of the RMA algorithms. In [3] it was shown that
CFf ree < γ,
where γ is the solution of equation x = e−x and γ ≈ 0.567.

III. H YPOTHETIC A LGORITHM
Denote the number of backlogged packets by qt . Backlogged packets are the ones that participated in the collision
and have not yet been transmitted successfully by the end of
slot t. Further denote the number of the packets that arrived
into the system during slot t by vt . Assume the presence of
the coordinating center which monitors the channel activity together with all the users. Additionally, the coordinating center
is notified of the exact number of the backlogged packets in
the system as well as of the IDs of qt backlogged users by the
end of each slot t. Consider the following algorithm. In the
end of slot t the coordinating center randomly selects one of
qt backlogged users and the selected user transmits its packet
in slot t + 1. Clearly, in the model of Section II this algorithm
is impossible to implement as there is no coordinating center.
Therefore, hereinafter we regard this algorithm as Hypothetic.
The dynamics of the number of the backlogged packets in
the system can be described by the following recurrent formula
qt+1 = qt + vt − delta(qt , vt ),

(1)

where delta(qt , vt ) equals 1 if (qt = 0, vt = 1) or (qt >
0, vt = 0) and equals 0 otherwise.
From (1) it follows that the sequence of qt is given by the
homogeneous irreducible and aperiodic Markov chain with the
countable state space.
Lemma 1. Denote the root of equation x = e−x by γ.
• For λ < γ the considered Markov chain is ergodic.
• For λ ≤ γ the considered Markov chain is recurrent.
• For λ > γ the considered Markov chain is null-recurrent.
The above lemma may be proved taking into account the
results in [14]. It immediately follows from it that for any
λ < γ the mean delay for the Hypothetic algorithm is finite,
otherwise it increases without bound. Further we formulate and
prove an important proposition for the Hypothetic algorithm
which is used in the subsequent derivations.
Proposition 1. For any value of arrival rate λ the conditional
expected value of the number of the backlogged packets in the
system E[qt+1 |qt = n] is given by
E[qt+1 |qt = 0] = λ − λe−λ ,
for n = 0 and by
E[qt+1 |qt = n] = n + λ − e−λ ,
for n > 0.
Proof. Firstly we calculate the conditional expected value
for the number of the backlogged packets in slot t + 1
conditioning on th fact that there were n backlogged packets
in slot t
E[qt+1 | qt = n] = E[n + vt − delta(qt , vt ) | qt = n] =
= n + +E[vt ] − E[delta(qt , vt )|qt = n] =
= n + λ − E[delta(qt , vt )|qt = n].
From the equation above it immediately follows that for
n=0
E[qt+1 | qt = 0] = λ − E[delta(qt , vt )|qt = 0] =
= n + λ − P r{vt = 1} = λ − λe−λ ,
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and for n > 0
E[qt+1 | qt = n] = n + λ − E[delta(qt , vt )|qt = n] =
= n + λ − P r{vt = 0} = n + λ − e−λ ,
which completes the proof.

Further we calculate the terms of (4) individually.
Note that random variable v follows a Poisson distribution
with the mean value λ, which implies E[v 2 ] = λ + λ2 .
Using (2) and taking into account that delta(q, v) =
delta(q, v)2 we get that



IV. M EAN D ELAY FOR H YPOTHETIC A LGORITHM
Consider the operation of the Hypothetic algorithm described in the previous section. After we find the mean number
of the backlogged packets in the system the mean delay is
calculated using the Little’s formula. In order to derive the
expected value for the number of the backlogged packets we
follow the approach from [15]. Assume that λ < γ, that is,
the underlying Markov chain is ergodic. Hence, the stationary
distribution for the number of the backlogged packets exists.
Denote random variable qt for t → ∞ by q. Note that as the
chain is ergodic both the first and the second moments of qt
exist for t → ∞ and they are
E[ lim qt ] = lim E[qt ] = E[q],
t→∞

t→∞

t→∞

t→∞

E[ lim qt2 ] = lim E[qt2 ] = E[q 2 ].
Coming to the mathematical expectation in both parts of (1)
we establish that
E[qt+1 ] = E[qt ] + E[vt ] − E[delta(qt , vt )].
Note that random variables vt are independent and identically distributed (i.i.d.) for all the values of t. Therefore, we
can further omit index t and denote the considered random
variable simply by v. Taking the above equation to the limit
for t → ∞ and accounting for lim E[qt+1 ] = lim E[qt ], we
t→∞
t→∞
readily obtain the following
E[q] = E[q] + E[v] − E[delta(q, v)],
E[v] = E[delta(q, v)].

(2)

Now, accounting for the statistical independence of random
variables q and v, we derive the expression for the expected
value of random variable delta(q, v) as follows

E[delta(q, v)2 ] = E[delta(q, v)] = E[v] = λ.
Remember that delta(q, v) equals 1 if (qt = 0, vt = 1) or
(qt > 0, vt = 0) and equals 0 otherwise. Again, accounting
for the statistical independence of random variables q and v,
it follows that
E[q · delta(q, v)] = E[q]P r{v = 0 ∧ q > 0} =
= E[q]P r{v = 0} = E[q]e−λ ,
E[q · v] = E[q]E[v] = E[q]λ,
E[v · delta(q, v)] = P r{v = 1 ∧ q = 0} =
= P r{v = 1}P r{q = 0} = P r{q = 0}λe−λ .
Putting the above equations in (4) gives us
λ + λ2 + λ − 2E[q]e−λ +
+2E[q]λ − 2P r{q = 0}λe−λ = 0,
λ2 + 2λ − 2P r{q = 0}λe−λ
.
E[q] =
2(e−λ − λ)
Now substituting for (3) in the above equation and after
elementary transformations we establish that
E[q] =

λ(2 + λ + λ2 − 2e−λ )
.
2(1 − λ)(e−λ − λ)

Combining the above equation together with the Little’s
formula we finally derive the mean delay dh (λ) for the
Hypothetic algorithm as follows
dh (λ) =

E[q]
2 + λ + λ2 − 2e−λ
=
.
λ
2(1 − λ)(e−λ − λ)

(5)

V. L OWER B OUND ON M EAN D ELAY FOR F REE ACCESS
C LASS OF A LGORITHMS

Consider algorithm f ∈ Ff ree . Denote the total number
E[delta(q, v)] = P r{delta(q, v) = 1} = P r{v = 1∧
of the backlogged packets in slot t by yt and the number of
∧q = 0} + P r{v = 0 ∧ q > 0} = P r{v = 1}P r{q = 0}+
the transmitted backlogged packets in the same slot by st .
+P r{v = 0}P r{q > 0} = e−λ (λP r{q = 0} + P r{q > 0}). The dynamics of the number of the backlogged packets in the
Combining the above result together with (2) and E[v] = λ system is presented by the following recurrent formula
we calculate the probability of at least one backlogged packet
yt+1 = yt + vt − ϕ(st , vt ),
(6)
being present in the system P r{q > 0}, which is
where ϕ(st , vt ) equals 1 if (st = 0, vt = 1) or (st =
λ = λe−λ P r{q = 0} + e−λ P r{q > 0},
1,
v
−λ
t = 0) and equals 0 otherwise. Note that by contrast
(3)
λ − λe
.
P r{q > 0} = −λ
to the Hypothetic algorithm the considered sequence of the
e −λ
random variables is not given by the Markov chain. Since
Putting both parts of (1) in the power of two and coming
the number of the backlogged packets transmitted in slot t
to the expected values for t → ∞ we obtain that
generally depends not only on yt but also on all the events
E[q 2 ] = E[q 2 ] + E[v 2 ] + E[delta(q, v)2 ]−
that have occurred in the system from the start of its operation
−2E[q · delta(q, v)] + 2E[q · v] − 2E[v · delta(q, v)].
to time slot t.
Proposition 2. For any value of arrival rate λ the conditional
2
Contracting both parts of the above equation with E[q ] we
expected
value of the number of the backlogged packets in the
establish that
system E[qt+1 |qt = n] is estimated by
2
2
E[v ] + E[delta(q, v) ] − 2E[q · delta(q, v)]+
(4)
E[yt+1 |yt = 0] = λ − λe−λ ,
+2E[q · v] − 2E[v · delta(q, v)] = 0.

Authorized licensed use limited to: Intel Corporation via the Intel Library. Downloaded on October 2, 2009 at 10:10 from IEEE Xplore. Restrictions apply.

for n = 0 and by
E[yt+1 |yt = n] ≥ n + λ − e−λ ,
for n > 0.
Proof. Firstly we consider the case of n = 0. For yt = 0 it
always holds that st = 0, that is, the number of backlogged
packets in slot t + 1 is only determined by the packet arrivals
in slot t. Thus, from (6) we have
E[yt+1 |yt = 0] = E[vt ] − E[ϕ(st , vt )|yt = 0] =
= E[vt ] − P r{vt = 1} = λ − λe−λ .
For yt = n > 0 the number of backlogged packets st ,
which are transmitted in slot t is generally a random variable.
The distribution of this random variable st depends on all
the events that occurred in the system from the start of its
operation to slot t. Note that this distribution does not depend
on the number of arrivals in slot t. Summarizing the above
and accounting for (6), we establish that

VI. C ONCLUSION
We introduced the lower bound on the mean delay for the
free access class of the RMA algorithms. By contrast to the
previously know bound for all the RMA algorithms [1] our
bound is given by a simple analytical expression
2 + λ + λ2 − 2e−λ
.
2(1 − λ)(e−λ − λ)
The introduced bound allows a quantitative performance
estimation of the practical algorithms. For instance, in [16]
the mean delay of the non-blocking stack algorithm for low
arrival rates is established as
dh (λ) =

dstack (λ) = 3λ + 11.33...λ2 + o(λ2 ).

By representing dh (λ) analogously we obtain the following
expression
9
3
dh (λ) = λ + λ2 + o(λ2 ).
2
2
By comparing the above expressions (dstack (λ) ≈ 2dh (λ))
we conclude that for low arrival rates the non-blocking stack
E[yt+1 |yt = n] = n + E[vt ] − P r{vt = 1 ∧ st = 0|yt = n}− algorithm is ’almost optimal’ in the free access class of the
RMA algorithms.
−P r{v = 0 ∧ s = 1|y = n} = n + λ−
t

t

t

−λe−λ P r{st = 0|yt = n} − e−λ P r{st = 1|yt = n}.
Accounting for the fact that P r{st = 0|yt = n} + P r{st =
1|yt = n} ≤ 1 and using the above we obtain the lower bound
on E[yt+1 |yt = n] as
E[yt+1 |yt = n] = n + λ − λe−λ P r{st = 0|yt = n}−
−e−λ P r{st = 1|yt = n} ≥ n + λ−
−
max
(λe−λ α + e−λ β) = n + λ − e−λ ,
α≥0,β≥0:α+β≤1

which completes the proof. 
Proposition 3. Suppose in initial time instant t = 0 the
system is empty. Then for any value of arrival rate λ and for
any slot t for the conditional expected values of the number
of the backlogged packets (for the Hypothetic E[qt |q0 = n]
and any algorithm f ∈ Ff ree E[yt |y0 = n], respectively) it
holds the following
E[qt |q0 = n] ≤ E[yt |y0 = 0].
The proof of Proposition 3 is based on the arguments similar
to that in Proposition 1 and Proposition 2, however, it is
excluded due to the space limitations. We again consider the
case when the system is empty in some initial instant of
time. Combining the above inequality together with the Little’s
formula we formulate the following theorem.
Theorem 1. Denote the mean delay (for any value of arrival
rate λ) for algorithm f and for the Hypothetic algorithm by
df (λ) and dh (λ), respectively. Let λ < γ then it holds that
dh (λ) ≤ df (λ).
From the above theorem it follows that the mean delay for
the Hypothetic algorithm (5) represents the lower bound on the
mean delay for any algorithm that belongs to the free access
class of the RMA algorithms.
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